In this paper, we determine the wave front sets of solutions to Schrödinger equations of a harmonic oscillator with sub-quadratic perturbation by using the representation of the Schrödinger evolution operator of a harmonic oscillator introduced in [11] via the wave packet transform. In the previous paper [14] , the authors have studied the wave front sets for Schrödinger equations with sub-quadratic potential.
Introduction
In this paper, we consider the following initial value problem of the Schrödinger equations of a harmonic oscillator with sub-quadratic perturbation, i∂ t u + 1 2 △u − 1 2 |x| 2 u − v(t, x)u = 0, (t, x) ∈ R × R n , u(0, x) = u 0 (x),
x ∈ R n ,
where i = √ −1, u : R×R n → C, △ = n j=1 ∂ 2 ∂x 2 j and v(t, x) is a real valued function.
The aim of this note is to determine the wave front sets of solutions of the initial value problem of the Schrödinger equations (1) with sub-quadratic perturbation v(t, x) by using the representation of the Schrödinger evolution operator of a free particle introduced in [11] via the wave packet transform which is defined by A. Córdoba and C. Fefferman [1] . Wave packet transform is almost the same transform as the ones which are known as short time Fourier transform ( [7] ) and F. B. I. transform ( [3] ).
We assume the following assumption on the perturbation v(t, x). Assumption 1.1. v(t, x) is a real valued function in C ∞ (R × R n ) and there exists a real number ρ with 0 ≤ ρ < 2 such that for all multi-indices α, there exists C α > 0 satisfying |∂ α x v(t, x)| ≤ C α (1 + |x|)
ρ−|α| for all (t, x) ∈ R × R n .
Let ϕ ∈ S(R n )\{0} and f ∈ S ′ (R n ). We define the wave packet transform W ϕ f (x, ξ) of f with the wave packet generated by a function ϕ as follows:
W ϕ f (x, ξ) = R n ϕ(y − x)f (y)e −iy·ξ dy, x, ξ ∈ R n .
Let F be a function on R n × R n . Then the (informal) adjoint operator W * ϕ of W ϕ is defined by
F (y, ξ)ϕ(x − y)e ix·ξ dydξ with dξ = (2π) −n dξ. It is known that for ϕ, ψ ∈ S(R n )\{0} satisfying ψ, ϕ = 0, we have the inversion formula
( [7, Corollary 11.2.7] ). For the sake of convenience, we use the following notation W ϕ(s) u(t, x, ξ) = W ϕ(s,·) [u(t, ·)](x, ξ) = R n ϕ(s, y − x)u(t, y)e −iy·ξ dy, where ϕ(t, x) and u(t, x) are functions on R × R n . The authors have given a representation of the Schrödinger evolution operator of a free particle in the previous paper [11] :
where ϕ(t) = ϕ(t, x) = e i(t/2)△ ϕ 0 (x) with ϕ 0 (x) ∈ S(R n )\{0}. This representation is introduced in the section 3. In order to state our results precisely, we prepare several notations. For ϕ 0 (x) ∈ S(R n )\{0} and 0 < b < 1, we put ϕ 0,λ (x) = λ nb/2 ϕ 0 (λ b x) and ϕ λ (t, x) = U (t)ϕ 0,λ (x) = e i(t/2)(△−|x| 2 ) ϕ 0,λ (x) i.e. ϕ λ (t, x) is a solution of (1) with v ≡ 0 and u 0 = ϕ 0,λ . For ξ 0 ∈ R n \ {0}, we call a subset Γ of R n a conic neighborhood of ξ 0 if ξ ∈ Γ and α > 0 implies αξ ∈ Γ. For λ ≥ 1, t 0 ∈ R and (x, ξ) ∈ R n × R n , x(s) = x(s; t 0 , x, λξ) and ξ(s) = ξ(s; t 0 , x, λξ) denote the solutions to
The following theorem is our main result.
Under the assumption 1.1, the following conditions are equivalent:
(ii) There exist a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N, a ≥ 1 and ϕ 0 (x) ∈ S(R n )\{0}, there exists a constant C N,a,ϕ 0 > 0 satisfying
for all λ ≥ 1, x ∈ K and ξ ∈ Γ with a −1 ≤ |ξ| ≤ a.
(iii) There exist ϕ 0 ∈ S(R n )\{0}, a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N and a ≥ 1, there exists a constant C N,a,ϕ 0 > 0 satisfying
In above condition, W ϕ λ (−t 0 ) u 0 (x, ξ) denotes the wave packet transform of u 0 (x) with a wave packet ϕ λ (−t 0 , x). Remark 1.4. The authors have determined the wave front sets of solutions to Schrödinger equations of a free particle and a harmonic oscillator in [12] and have determined the wave front sets of solutions to Schrödinger equations with subquadratic potential in [14] .
Remark 1.5. In one space dimension, K. Yajima [26] shows that the fundamental solution of Schrödinger equations with super quadratic potential has singularities everywhere.
In the following corollaries, we assume that v(t, x) satisfies Assumption 1.1 and u(t, x) is a solution of (1) in C(R; L 2 (R n )).
) if and only if there exist a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N, a ≥ 1 and ϕ 0 (x) ∈ S(R n )\{0}, there exists a constant C N,a,ϕ 0 > 0 satisfying
The corollary 1.6 says that the wave front set of solutions to Schrödinger equations (1) with ρ < 1 is exactly the same as the one of the solutions to (1) with v(t, x) ≡ 0. That is, the wave front set of solutions to (1) with ρ < 1 is the same as the one of the solutions of harmonic oscillator with the same initial data. 
Theorem 1.2 shows the following theorem proved by K. Yajima [27] as a corollary.
Theorem 1.8 (Yajima [27] ). Assume that u 0 (x) has singularities only if x = 0.
Microlocal characterization of the singularities of generalized functions was studied firstly by M. Sato, J. Bros and D. Iagolnitzer and L. Hörmander independently around 1970. The notion of wave front set is introduced by L. Hörmander in 1970 ( [9] ). He has shown that the wave front set of solutions to the linear hyperbolic equations of principal type propagates along the null bicharacteristics( [10] ).
The singularities of solutions to Schrödinger equations have been treated microlocally by R. Lascar [16] , C. Parenti and F. Segala [23] and T. Sakurai [24] .
Since the Schrödinger operator i∂ t + 1 2 △ commutes x + it∇, the solutions to Schrödinger equations become smooth for t > 0 if the initial data decay at infinity. In [2] , W. Craig, T. Kappeler and W. Strauss have shown for solutions that for a point x 0 = 0 and a conic neighborhood Γ of x 0 , x r u 0 (x) ∈ L 2 (Γ) implies ξ rû (t, ξ) ∈ L 2 (Γ ′ ) for a conic neighborhood Γ ′ of x 0 and for t = 0, though they have considered more general operators. Several mathematicians have studied in this direction ([4] , [5] , [19] , [21] , [22] ).
A. Hassell and J. Wunsch [8] and S. Nakamura [20] have determined the wave front set of the solution by the information of the initial data. Hassell and Wunsch have treated the singularities as "scattering wave front set" which is introduced by himself. In the case that the electric potential is sub-quadratic, Nakamura has shown that for a solution u(t, x),
For Schrödinger equations with harmonic oscillator or perturbed harmonic oscillators, S. Zelditch [28] have determined the singular support of the fundamental solution k(t, x, y) in the case that v ≡ 0, which shows that
L. Kapitanski, I. Rodnianski and K. Yajima [15] have shown that (6) holds for ρ < 1 and may fail for ρ = 1. K. Yajima [27] has shown that if the Hessian of a(x) is positive definite, then sing supp k(t, ·, y) = ∅ for t = 0. S. Mao and S. Nakamura [18] have determined the wave front sets of the solutions of (1) in the case that ρ < 1. S. Mao [17] have determined the wave front sets of the solutions of (1) in the case that ρ < 2 and t = mπ with an integer m. J. Wunsch [25] has studied regularity of the solution on scattering manifold in the case that ρ ≤ 1. T.Ōkaji [22] has investigated the wave front set of the solutions for t = mπ with an integer m in the case that v ≡ 0.
Preliminaries
In this section, we introduce the definition of wave front set W F (u) and the characterization of wave front set by G. B. Folland [6] .
and a conic neighborhood Γ of ξ 0 such that for all N ∈ N there exists a positive constant C N satisfying
To prove Theorem 1.2, we use the following characterization of the wave front set by G. B. Folland [6] .
The following conditions are equivalent.
(ii) There exist a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N, a ≥ 1 and ϕ ∈ S(R n ) \ {0} there exists a constant C N,a,ϕ > 0 satisfying
, a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N and a ≥ 1 there exists a constant C N,a > 0 satisfying
Remark 2.3. G. B. Folland [6] has shown that the conclusion follows if the wave packet ϕ is an even and nonzero function in S(R n ) and b = 1/2. In T.Ōkaji [21] , the proof of Proposition 2.2 for b = 1/2 is given if ϕ satisfies x α ϕ(x)dx = 0 for some α ∈ (N ∪ {0}) n . In [13] , the condition x α ϕ(x)dx = 0 have been removed. Although [6] , [21] and [13] have proved for b = 1/2, it is easy to extend for 0 < b < 1.
Simple examples
Our idea is to use a time dependent wave packet. When we consider a partial differential equation ( To illustrate the idea, we give two examples.
Example 3.1 (Free particle). Consider the following initial value problems(Schrödinger equation of a free particle):
Let ϕ(t, x) = e i 2 t△ ϕ 0 with ϕ 0 ∈ S(R n )\{0}. (7) is transformed via the wave packet transform with the wave packet ϕ(t, x) to
Solving (8), we have
or
Remark 3.2. The representation of a solution (9) for a free particle is natural as physical point of view, because (x + ξt, ξ) is the classical orbit of a free particle starting from (x, ξ) in the phase space R 2n . 
Let ϕ(t, x) = e i 2 t(△−|x| 2 ) ϕ 0 with ϕ 0 ∈ S(R n )\{0}. (11) is transformed via the wave packet transform with the wave packet ϕ(t, x) to
Solving this first order partial differential equation (12), we have
where
Key Lemmas
In this section, we assume that
To prove Theorem 1.2, we prepare the following two lemmas.
, α be a multi-indices with |α| ≥ 2 and
Assume that for σ ≥ 0, a ≥ 1 and ϕ 0 ∈ S(R n )\{0} there exists C σ,a,ϕ 0 > 0 satisfying
for all x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a, λ ≥ 1 and 0 ≤ s ≤ t 0 . Then there exists C α,σ,a,ϕ 0 > 0 satisfying
Proof. Note that it suffices to consider the case of sufficiently large λ and we may assume without loss of generality that 0 < t 0 ≤ π. Simple calculation yields that x j U (t) = U (t)(x j cos t − i sin t ∂ x j ). So it follows that
. So, we have
for x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a, λ ≥ 1 and 0 ≤ s ≤ t 0 . Since x(s) and ξ(s) are solutions of (3), x(s) and ξ(s) satisfy
)| holds and the successive approximation method implies that there exists λ 0 ≥ 1 such that
for x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a and λ ≥ λ 0 . Thus, we have, by |α| ≥ 2 and ρ = 2 − 16b,
and, hence, we have, by |µ| + |µ ′ | = |α| ≤ 2,
Therefore, we obtain the desired result.
Then, for all a ≥ 1, there exists C a,α,ϕ 0 > 0 satisfying
for x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a, λ ≥ 1 and 0 ≤ s ≤ t 0 .
Proof. Note that it suffices to consider the case of sufficiently large λ and we may assume without loss of generality that 0 < t 0 ≤ π. By the inversion formula of the wave packet transform, we have
and ψ 1 (s) + ψ 2 (s) = 1 for all s ∈ R. Putting
So it suffices to show that there exists a positive constant C α,a,ϕ 0 such that
for x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a, λ ≥ 1 and 0 ≤ s ≤ t 0 . Integration by parts and the fact that (1 − △ y )e iy·(ξ−η) = (1 + |ξ − η| 2 )e iy·(ξ−η) yield that
First, we estimate I α,1 . From |α 1 | ≤ 2n, it follows that
Since ∂ x j U (t) = U (t)(cos t ∂ x j −ix j sin t) for j = 1, 2, . . . , n, simple calculation yields that
So, it follows that (
, it holds that Cλ −7/8 ≤ | sin(s − t 0 )| and then the estimate (17) yields that
in the support of ψ 1
Hence we have, by (21) , L ≥ 12(39n/6 + N/b) and Schwarz's inequality,
Next, we estimate I α,2 . From |α| = L, |α j | ≤ 2n and Assumption1.1, we have
Since ∂ x j U (t) = U (t)(cos t ∂ x j − ix j sin t) and x j U (t) = U (t)(−i sin t ∂ x j + x j cos t), simple calculation yields that
where M is an integer and (4b/3 − 8b 2 )M ≥ L + n + 1 + 14bn/3 + N . So, we have
Hence we have, by (21) and Schwarz's inequality,
Hence, in any case, it follows that
Therefore we obtain the desired result.
Proof of Theorem 1.2 and Corollaries
Proof of Theorem 1.2. We only show that (iii) implies (i). Because we can show that (i) implies (ii) in the same way. We may assume without loss of generality that 0 < t 0 ≤ π. Let x(s; t, x, ξ) and ξ(s; t, x, ξ) be the solutions of
It suffices to show that the following assertion P (σ) holds for all σ ≥ 0 under the condition of (iii). P (σ): "There exists a positive constant C σ,a,ϕ 0 such that |W ϕ λ (t−t 0 ) u(t, x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ))| ≤ C σ,a,ϕ 0 λ −σ (25) for all λ ≥ 1, x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a and 0 ≤ t ≤ t 0 . "
In fact, taking t = t 0 , we have ϕ λ (t 0 − t 0 ) = ϕ 0,λ , x(t 0 ; t 0 , x, λξ) = x and ξ(t 0 ; t 0 , x, λξ) = λξ. Hence from (25), we have immediately
for all λ ≥ 1, x ∈ K and ξ ∈ Γ with a −1 ≤ |ξ| ≤ a. This and Proposition 2.2 show
We show by induction with respect to σ that P (σ) holds for all σ ≥ 0.
First we show that P (0) holds. Since u 0 (x) ∈ L 2 (R n ) and u(t, x) ∈ C(R; L 2 (R n )), Schwarz's inequality and the conservation of L 2 norm of solutions of (1) show that W ϕ λ (t−t 0 ) u(t, x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ))
Hence P (0) holds.
Next, we show that P (σ + 2b) holds under the assumption that P (σ) holds. Applying Taylor's theorem to v(t, y), we have
where L > 12(7bn + σ + 2b)/b and
So, the initial value problem (1) is transformed via the wave packet transform with the wave packet generated by ϕ λ (t, x) to
(for the deduction of (26), see [11] ). By the method of characteristics, we have the integral equation
|ξ(s;t,x,ξ)| 2 + V (s,x(s;t,x,ξ))}ds W ϕ 0,λ u 0 (x(0; t, x, ξ), ξ(0; t, x, ξ))
Substituting (x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ)) and ϕ λ (−t 0 , x) for (x, ξ) and ϕ 0,λ (x) respectively and taking the absolute value of above integral equation, we have W ϕ λ (t−t 0 ) u(t, x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ))
, u](s, x(s; t 0 , x, λξ), ξ(s; t 0 , x, λξ))| ds .
Here, we use the fact that x(s; t, x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ)) = x(s; t 0 , x, λξ), ξ(s; t, x(t; t 0 , x, λξ), ξ(t; t 0 , x, λξ)) = ξ(s; t 0 , x, λξ) and e
it suffices to show that there exists a positive constant C σ,a,ϕ 0 such that
for all λ ≥ 1, x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a and 0 ≤ s ≤ t 0 . We divide R L into two parts:
From Lemma 4.1 and Lemma 4.2, we have
and
for λ ≥ 1, x ∈ K, ξ ∈ Γ with a −1 ≤ |ξ| ≤ a and 0 ≤ s ≤ t 0 , respectively. Hence, we obtain the desired result.
Next, we show Corollary 1.6. We note that if 0 < ρ < 1, then we can replace b = (2 − ρ)/16 with b = (1 − ρ)/16 in Theorem 1.2.
Proof of Corollary 1.6. Since all the first derivatives of v(t, x) with respect to space variables decay at infinifty, we use the following transformed initial value problem of (1) instead of using (26) ,
By the method of characteristics, we have the integral equation
for |α| = 1 and ρ − 1 < 0, the first term of r L can be easily handled by the same argument in the proof of Theorem 1.2, which completes the proof.
Proof of Corollary 1.7. Let x(s) = x(s; π, x, λξ), ξ(s) = (s; π, x, λξ) be the solutions to ẋ(s) = ξ(s),
Putting ϕ 0 = e −|x| 2 /2 , the method of eigenfunction expansion yields
Thus, from Theorem 1.2, if (x 0 , ξ 0 ) / ∈ W F (u(π, ·)) then there exist a neighborhood K of x 0 and a conic neighborhood Γ of ξ 0 such that for all N ∈ N and for all a ≥ 1 there exists a constant C N,a,ϕ 0 > 0 satisfying for λ ≥ 1, x ∈ K ′ and ξ ∈ Γ ′ with a −1 ≤ |ξ| ≤ a. From Proposition 2.2, we have the conclusion.
Proof of Theorem 1.8. Fix (x 0 , ξ 0 ) ∈ R n \{0}×R n \{0} and put ϕ 0 (x) = e −|x| 2 /2 . In terms of Theorem 1.2, it suffices to show that there exist neighborhood K of x 0 and conic neighborhood Γ of ξ 0 such that for all N ∈ N and for all a ≥ 1, there exists a constant C N,a,ϕ 0 > 0 satisfying |W ϕ 0,λ u 0 (x(0; π, x, λξ), ξ(0; π, x, λξ))| ≤ C N,a,ϕ 0 λ −N (36) for λ ≥ 1, x ∈ K and ξ ∈ Γ with a −1 ≤ |ξ| ≤ a, where x(s) = x(s; π, x, λξ), ξ(s) = ξ(s; π, x, λξ) be the solutions to (32). Here, we use the fact (33). We have, by the successive approximation method, 
we have 
On the other hand, using (38), it is easy to see that, lim λ→∞ ξ(0; π, x, λξ) λ = −ξ
Since u 0 has singularities only if x = 0, (40), (41) and Proposition 2.2 implies (36). Thus, we obtain the desired result.
